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Abstract
In this paper, a fundamental solution for the coupled convection–diffusion type equations is derived. The boundary element
method (BEM) application then, is established with this fundamental solution, for solving the coupled equations of steady magne-
tohydrodynamic (MHD) duct ﬂow in the presence of an external oblique magnetic ﬁeld. Thus, it is possible to solve MHD duct ﬂow
problems with the most general form of wall conductivities and for large values of Hartmann number. The results for velocity and
induced magnetic ﬁeld is visualized in terms of graphics for values of Hartmann number M300.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The magnetohydrodynamic ﬂow problems through ducts are frequently encountered in nuclear reactors, magne-
tohydrodynamic (MHD) generators, pumps, accelerators and blood ﬂow measurements. Due to the coupling of the
equations of ﬂuid mechanics and electrodynamics, exact solutions are available only for some simple geometries under
simple boundary conditions [7,13]. Therefore, several numerical techniques such as ﬁnite difference method (FDM),
ﬁnite element method (FEM) and boundary element method (BEM) have been used to obtain the approximate solutions
for the MHD ﬂow problems.
Singh and Lal [15,16] have used FDM to solve MHD ﬂow through channels of triangular cross-section for small
values of Hartmann number. There is an extensive study on the numerical solution of MHD duct ﬂow problems using
FEM. Singh and Lal [18,17], Gardner and Gardner [8] presented FEM solutions for arbitrary cross-section of ducts
but for Hartmann numbers less than 10. Tezer-Sezgin and Köksal [21] extended these studies to moderate Hartmann
numbers up to 100 using standard FEM with linear and quadratic elements. Further, Demendy and Nagy [6] have used
the analytical ﬁnite element method to obtain their numerical solution in the range of the Hartmann number M1000.
Barrett [1] obtained FEM solution for high values of M by using very ﬁne mesh within the Hartmann layers but as the
author himself indicated the method is computationally very expensive, memory and time consuming. Later, Neslitürk
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and Tezer-Sezgin [10,11] solved MHD ﬂow equations in rectangular ducts by using a stabilized FEM with residual
free bubble functions. Thus, it was possible to increase M up to 1000 and also to use general wall conductivities.
The BEM applications for solving MHD duct ﬂow problems arise from the difﬁculties of solving huge systems and
high computational cost in FEM due to the domain discretization. Singh and Agarwal [14], Tezer-Sezgin [19], Liu
and Zhu [9], Tezer-Sezgin and Han Aydın [20], Carabineanu et al. [5] and Bozkaya and Tezer-Sezgin’s [3] papers are
some studies on the BEM solutions of MHD duct ﬂow problems. All these BEM solutions have been obtained for
small and moderate values of Hartmann number (M50). On the other hand, the duct walls are taken as insulated (the
induced magnetic ﬁeld is zero at the walls) which enables to decouple the MHD equations [3,19,20]. The decoupled
MHD equations then are treated with the dual reciprocity BEM, making use of the fundamental solution of Laplace
or modiﬁed Helmholtz equations. But the original MHD equations are coupled convection–diffusion type equations
and are convection dominated equations for large values of Hartmann number. Treating these equations in DRBEM
with the fundamental solution of decoupled equations misses this dominance and is the main reason of obtaining the
solutions only for small and moderate values of Hartmann number [3]. Also, the solution procedure is restricted to the
simple case of insulated duct boundary and the most of the physical MHD ﬂow applications need partly conducting
and partly insulated duct walls.
In this paper, our aim is to establish the fundamental solution of MHD duct ﬂow equations in the original coupled
form which are convection–diffusion type. This makes possible the application of BEM to these equations in coupled
form with the most general form of wall conductivities. Qui et al. [12] have obtained BEM solution of a single
convection–diffusion equation for high Peclet number but for the coupled equations derivation of the fundamental
solution needs an extensive study and to our knowledge is not available yet in the literature.
The present work transforms the MHD equations to the matrix vector form
Lu = f ,
where the matrix operator L contains the derivative operators appearing in the MHD ﬂow equations. The fundamental
solution for the adjoint operator L∗ of L is obtained as a 2×2 matrix with the entries containing products of hyperbolic
functions and Modiﬁed Bessel functions of the second kind and of order zero. Then the boundary element matrix
equations are obtained in coupled form in terms of velocity and induced magnetic ﬁeld which can be solved for any
type of wall conductivity. The application of this study to the problem of MHD ﬂow in a rectangular duct with insulating
walls is given in [2].
2. Basic equations
It is well known that Maxwell equations of electromagnetism and the basic equations of ﬂuid mechanics lead to the
coupled system of equations in the velocity and magnetic ﬁeld. These equations of steady, laminar, fully developed
ﬂow of viscous, incompressible and electrically conducting ﬂuid in a duct ⊂ R2, subjected to a constant and uniform
oblique magnetic ﬁeld can be put in the following non-dimensional form [7]:
∇2V + Mx B
x
+ My B
y
= −1 in ,
∇2B + Mx V
x
+ My V
y
= 0 in , (1)
where V (x, y), B(x, y) are the velocity and the induced magnetic ﬁeld respectively. Hartmann number M is the norm
of the vector M = (Mx,My). The ﬂuid is driven down the duct by means of a constant pressure gradient and V (x, y),
B(x, y) are parallel to the z-axis which is the axis of the duct. When the applied magnetic ﬁeld of intensity B0 acts
in a direction lying in the xy-plane but forming an angle  with the y-axis, the components of the vector M take the
form
Mx = M sin ,
My = M cos . (2)
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The general boundary conditions which are suitable in practice for the MHD duct ﬂow problem can be expressed as
V = 0 on ,
B = 0 on 1,
B
n
= 0 on 2, (3)
where = 1 ∪ 2 is the boundary of  with 1 ∩ 2 = ∅. 1 and 2 are the insulating and conducting parts of the
boundary , respectively.
3. Derivation of fundamental solution
For the BEM solution of Eqs. (1) which are the convection–diffusion type coupled equations, the fundamental
solution is needed because BEM is a numerical technique which makes intensive use of a fundamental solution of the
problem in question.
The MHD equations (1) are ﬁrst transformed to the matrix vector form
Lu = f , (4)
where L is the matrix containing both diffusion and convection operators
L =
⎡
⎢⎣
∇2 Mx 
x
+ My 
y
Mx

x
+ My 
y
∇2
⎤
⎥⎦ (5)
and
u =
[
V
B
]
, f =
[−1
0
]
. (6)
Weighting this equation in the Galerkin principle [4],
∫

wTLu d=
∫

wTf d, (7)
where wT is the transpose of the vector weight function w =
[
V ∗
B∗
]
gives the integral equation
∫

[V ∗ B∗]
⎡
⎢⎣
∇2 Mx 
x
+ My 
y
Mx

x
+ My 
y
∇2
⎤
⎥⎦
[
V
B
]
d=
∫

[V ∗ B∗]
[−1
0
]
d.
After the application of Green’s second identity and Divergence theorem, we obtain
∫

V
(
∇2V ∗ − Mx B
∗
x
− My B
∗
y
)
d+
∫

B
(
∇2B∗ − Mx V
∗
x
− My V
∗
y
)
d
+
∫

(
V ∗ V
n
− V V
∗
n
)
d+
∫

(
B∗ B
n
− B B
∗
n
)
d+
∫

Mx(V
∗B + B∗V )nx d
+
∫

My(V
∗B + B∗V )ny d= −
∫

V ∗ d, (8)
where n = (nx, ny) is the outward unit normal vector on .
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To omit the region integrals on the left-hand side of Eq. (8), the fundamental solutions of the equations in these two
integrals are taken as
[
V ∗1
B∗1
]
and
[
V ∗2
B∗2
]
and the following integral equations are obtained:
− c(A)V (A) +
∫

(
V ∗1
V
n
− V V
∗
1
n
)
d+
∫

(
B∗1
B
n
− B B
∗
1
n
)
d
+
∫

Mx(V
∗
1 B + B∗1V )nx d+
∫

My(V
∗
1 B + B∗1V )ny d= −
∫

V ∗1 d, (9)
where c(A) is a constant equals to /2 ,  being the internal angle at the source point A and
− c(A)B(A) +
∫

(
V ∗2
V
n
− V V
∗
2
n
)
d+
∫

(
B∗2
B
n
− B B
∗
2
n
)
d
+
∫

Mx(V
∗
2 B + B∗2V )nx d+
∫

My(V
∗
2 B + B∗2V )ny d= −
∫

V ∗2 d. (10)
Let the matrix G∗ be formed as
G∗ =
[
V ∗1 V ∗2
B∗1 B∗2
]
(11)
which is the fundamental solution for the adjoint operator
L∗ =
⎡
⎢⎣
∇2 −Mx 
x
− My 
y
−Mx 
x
− My 
y
∇2
⎤
⎥⎦ (12)
of L. That is,
L∗G∗ = −(A, P )I
and I is the 2 × 2 identity matrix.
Therefore, the fundamental solution G∗ becomes
G∗ =
⎡
⎢⎣
∇2 Mx 
x
+ My 
y
Mx

x
+ My 
y
∇2
⎤
⎥⎦
[
1 0
0 1
]
, (13)
where  is the fundamental solution of the biharmonic equation
(
∇4 − M2x
2
x2
− 2MxMy 
2
xy
− M2y
2
y2
)
u = 0.
This can be partitioned into two convection–diffusion equations
(
∇2 − Mx 
x
− My 
y
)
	1 = −(A, P ) (14)
and
(
∇2 + Mx 
x
+ My 
y
)
	2 = −(A, P ), (15)
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where
	1 =
(
∇2 + Mx 
x
+ My 
y
)
 (16)
and
	2 =
(
∇2 − Mx 
x
− My 
y
)
. (17)
It is clear that	1 and	2 are the fundamental solutions of the convection–diffusion type Eqs. (14) and (15), respectively.
Therefore by [12],
	1 = 12e
M.r/2K0
(
Mr
2
)
(18)
and
	2 = 12e
−M.r/2K0
(
Mr
2
)
, (19)
where K0 is the Bessel function of the second kind and of order zero, M is the vector with components (Mx,My) and
r = (rx, ry) is the distance vector between the source and ﬁeld points. M and r are the modulus of the vectors M and
r, respectively.
With the relationships between  and the fundamental solutions 	1 and 	2, we have
Mx

x
+ My 
y
= 	1 −	2
2
, (20)
∇2= 	1 +	2
2
, (21)
where
	1 −	2
2
= 1
2
K0
(
Mr
2
)
sinh
(
M.r
2
)
and
	1 +	2
2
= 1
2
K0
(
Mr
2
)
cosh
(
M.r
2
)
.
We ﬁnally obtain the fundamental solution G∗ for the adjoint operator L∗ as
G∗ =
⎡
⎢⎢⎣
1
2
K0
(
Mr
2
)
cosh
(
M.r
2
)
1
2
K0
(
Mr
2
)
sinh
(
M.r
2
)
1
2
K0
(
Mr
2
)
sinh
(
M.r
2
)
1
2
K0
(
Mr
2
)
cosh
(
M.r
2
)
⎤
⎥⎥⎦ (22)
with its entries from (11) as
V ∗1 = B∗2 =
1
2
K0
(
Mr
2
)
cosh
(
M.r
2
)
,
V ∗2 = B∗1 =
1
2
K0
(
Mr
2
)
sinh
(
M.r
2
)
.
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4. Application of boundary element method
Having found the fundamental solutions V ∗1 = B∗2 and B∗1 = V ∗2 , Eqs. (9) and (10) can be rewritten,
− c(A)V (A) +
∫

(
MxB
∗
1nx + MyB∗1ny −
V ∗1
n
)
V d
+
∫

(
MxV
∗
1 nx + MyV ∗1 ny −
B∗1
n
)
B d+
∫

V ∗1
V
n
d+
∫

B∗1
B
n
d
= −
∫

V ∗1 d (23)
and
− c(A)B(A) +
∫

(
MxV
∗
1 nx + MyV ∗1 ny −
B∗1
n
)
V d
+
∫

(
MxB
∗
1nx + MyB∗1ny −
V ∗1
n
)
B d+
∫

B∗1
V
n
d+
∫

V ∗1
B
n
d
= −
∫

B∗1 d. (24)
Thus, boundary element matrix equations for the unknowns the velocity V and the induced magnetic ﬁeld B and their
normal derivatives can now be obtained by the evaluation of the boundary integrals in Eqs. (23) and (24). The matrix
vector form is
{−c(A)V (A)
−c(A)B(A)
}
+
[
H G
G H
]{
V
B
}
+
[
H 1 G1
G1 H 1
]
⎧⎪⎪⎨
⎪⎪⎩
V
n
B
n
⎫⎪⎪⎬
⎪⎪⎭
=
{
F1
F2
}
, (25)
where H, G, H 1 and G1 are the matrices with the entries
hij =
∫
j
(
MxB
∗
1nx + MyB∗1ny −
V ∗1
n
)
dj ,
gij =
∫
j
(
MxV
∗
1 nx + MyV ∗1 ny −
B∗1
n
)
dj ,
h1ij =
∫
j
V ∗1 dj ,
g1ij =
∫
j
B∗1 dj (26)
and F = {F1
F2
} is the right-hand side vector with the entries containing domain integrals
F1 = −
∫

V ∗1 d,
F2 = −
∫

B∗1 d. (27)
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The subscripts i and j indicate the ﬁxed node i and the jth element on the boundary, respectively. r = (rx, ry) is the
vector between the boundary nodes i and j. After the substitution of the fundamental solutions V ∗1 and B∗1 and their
normal derivatives in Eqs. (26) and (27), the entries of H, G, H 1, G1 and F become;
hij = 14
∫
j
(
K0
(
Mr
2
)
sinh
(
M.r
2
)
M.n + MK1
(
Mr
2
)
cosh
(
M.r
2
)
r
n
)
dj ,
gij = 14
∫
j
(
K0
(
Mr
2
)
cosh
(
M.r
2
)
M.n + MK1
(
Mr
2
)
sinh
(
M.r
2
)
r
n
)
dj ,
h1ij =
1
2
∫
j
K0
(
Mr
2
)
cosh
(
M.r
2
)
dj ,
g1ij =
1
2
∫
j
K0
(
Mr
2
)
sinh
(
M.r
2
)
dj ,
F1 = −
∫

K0
(
Mr
2
)
cosh
(
M.r
2
)
d,
F2 = −
∫

K0
(
Mr
2
)
sinh
(
M.r
2
)
d, (28)
where K1 is the modiﬁed Bessel function of the second kind and of order one.
The constant c(A) is 12 or 1 when the ﬁxed point A is on the straight boundary or inside, respectively. The problem
is solved ﬁrst for the values of unknowns V, B and their normal derivatives on the boundary, so Eq. (25) becomes
[
H¯ G
G H¯
]{
V
B
}
+
[
H 1 G1
G1 H 1
]
⎧⎪⎪⎨
⎪⎪⎩
V
n
B
n
⎫⎪⎪⎬
⎪⎪⎭
=
{
F1
F2
}
, (29)
where H¯ is the matrix with the entries
h¯ij = − 12
ij + hij .
This linear system of equations (29) is going to be solved for values of V/n on , B on 2 and B/n on 1. Having
found (V , B) and (V/n, B/n) everywhere on the boundary, one can obtain the values of V and B at any point of
the domain  by using Eq. (25) with c(A) equals to one.
This is given by
{
V
B
}
=
[
HI GI
GI HI
]{
V
B
}
+
[
HI 1 GI 1
GI 1 HI 1
]
⎧⎪⎪⎨
⎪⎪⎩
V
n
B
n
⎫⎪⎪⎬
⎪⎪⎭
−
{
F1
F2
}
. (30)
The entries of the matrices HI, GI, HI 1 and GI 1 are in the same form with the ones of H, G, H 1 and G1. But, this
time in the entries of HI, GI, HI 1 and GI 1, i indicates the ﬁxed node in the domain and j indicates the jth element on
the boundary. Thus, the vector r is computed between the inside node i and the boundary node j.
5. Numerical results
5.1. Problem 1: duct with insulating walls
First problem is taken as MHD ﬂow in a rectangular duct with insulated walls for which the exact solution exists
[7,13].
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TheMHDﬂow in a rectangular ductwith a cross section |x|1, |y|1, subjected to amagnetic ﬁeld in the x-direction
(i.e. = /2) is given by
∇2V + M B
x
= −1,
∇2B + M V
x
= 0, (31)
where V (x, y) and B(x, y) are the velocity and the induced magnetic ﬁeld respectively in the z-direction. The walls of
the duct are insulated (B = 0) and the velocity is zero on the solid walls.
Coupled equations (31) are expressed in matrix differential operator form
Lu = f ,
where
L =
⎡
⎢⎣
∇2 M 
x
M

x
∇2
⎤
⎥⎦ , u =
[
V
B
]
, f =
[−1
0
]
.
Corresponding homogeneous equations can be obtained by using the particular solution
up =
[
Vp
Bp
]
,
where Vp = 0 and Bp = −x/M .
By taking
u = uh + up
the homogeneous solution uh =
[
Vh
Bh
]
satisﬁes
∇2Vh + M Bh
x
= 0,
∇2Bh + M Vh
x
= 0 on , (32)
Vh = 0, Bh = x
M
on . (33)
Thus, the evaluation of the domain integrals on the right-hand side in Eqs. (29) and (30) is omitted.
The fundamental solution for the adjoint equation
L∗u = f
takes the form in (22)
G∗ =
⎡
⎢⎢⎢⎣
1
2
K0
(
Mr
2
)
cosh
(
Mrx
2
)
1
2
K0
(
Mr
2
)
sinh
(
Mrx
2
)
1
2
K0
(
Mr
2
)
sinh
(
Mrx
2
)
1
2
K0
(
Mr
2
)
cosh
(
Mrx
2
)
⎤
⎥⎥⎥⎦ .
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Fig. 1. Velocity and induced magnetic ﬁeld for M = 50 and N = 80 (= /2).
The boundary element method is applied to solve the homogeneous equations (32) with the boundary conditions (33).
The boundary of the square region is discretized by using N =80 and 300 constant elements for the values of Hartmann
number M = 50 and 300, respectively. Figs. 1 and 2 depict the behaviours of the velocity-induced magnetic ﬁeld
comparing with the exact solution in terms of equivelocity and current lines, respectively, for M = 50 and 300. It is
noted that as M increases the velocity becomes uniform at the centre of the duct and the boundary layer formation starts
for both the velocity and the induced magnetic ﬁeld.
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Fig. 2. Velocity and induced magnetic ﬁeld for M = 300 and N = 300 (= /2).
5.2. Problem 2: insulating wall duct under oblique magnetic ﬁeld
The MHD ﬂow problem subjected to an externally oblique magnetic ﬁeld making a positive angle  with the y-axis
is considered here. The equations are:
∇2V + Mx B
x
+ My B
y
= −1,
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Fig. 3. Velocity for M = 300 and N = 300 (= /4 and /3).
∇2B + Mx V
x
+ My V
y
= 0
in |x|1, |y|1 with V = B = 0 on the walls.
Similar to Problem 1 we take the particular solution up =
[
0
−x/Mx
]
to reduce it to homogeneous equations with
non-homogeneous boundary conditions uh =
[
0
x/Mx
]
. Computations are carried out with N = 300 constant boundary
elements for the value of Hartmann number M = 300. In Figs. 3 and 4, the velocity-induced magnetic ﬁeld contours
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Fig. 4. Induced magnetic ﬁeld for M = 300 and N = 300 (= /4 and /3).
are presented with  = /4 and /3 for M = 300, respectively. The boundary layer formation close to the walls for
both velocity and induced magnetic ﬁeld is well observed for high Hartmann number. Velocity again becomes uniform
at the centre of the duct and the ﬂow becomes stagnant. The boundary layers are concentrated near the corners in
the direction of the applied oblique magnetic ﬁeld for both the velocity and induced magnetic ﬁeld. These are the
well-known characteristics of the magnetohydrodynamic ﬂow.
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Fig. 5. Velocity for M = 100 and N = 92 (l = 0.15 and 0.35).
5.3. Problem 3: duct with partly insulating partly conducting walls
We solve the MHD equations subjected to an external magnetic ﬁeld B0 in the direction of x-axis in a rectangular
duct with a cross section 0x1, −a/2ya/2 where a is the length in y-direction. Moreover, the rectangular
duct has a conducting portion on x = 0 line for a length l symmetrically about origin. Since the applied magnetic ﬁeld
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Fig. 6. Induced magnetic ﬁeld for M = 100, N = 92 (l = 0.15 and 0.35).
is in the x-direction, Eqs. (31) and (32) are used in the BEM application with constant elements. On the conducting
portion B/n=0 is taken and the same particular solution of Problem 1 is made use of. In the computations a is taken
as one.
In Figs. 5–8 the velocity-induced magnetic ﬁeld contours are presented for Hartmann number values M = 100 and
300, respectively. Each ﬁgure shows the effect of the length of conducting portion with l = 0.15 and 0.35. This is
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Fig. 7. Velocity for M = 300 and N = 180 (l = 0.15 and 0.35).
the enlargement of the stagnant region for velocity in front of the conducting portion. It is observed that the higher
the Hartmann number is, the more the number of boundary elements is needed for obtaining accurate solutions. As
Hartmann number increases, there is a formation of boundary layers on the insulating parts of the boundary for both
the velocity and the induced magnetic ﬁeld. Also there are parabolic boundary layer emanating from the discontinuity
points y = −l and y = l in the direction of the applied ﬁeld again for both the velocity and induced magnetic ﬁeld.
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Fig. 8. Induced magnetic ﬁeld for M = 300, N = 180 (l = 0.15 and 0.35).
The numerical accuracy of the results for this problem is validated by increasing the number N of the boundary
elements used in the computations. Especially at the discontinuity points y =∓ l much more reﬁned elements are used
as presented in Figs. 9–11, respectively, for N = 48, 184 and 360 for the value of Hartmann number M = 100. The
convergence and the formation of parabolic boundary layers emanating from the discontinuity points are well observed
when the number of boundary elements is increased.
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Fig. 9. Velocity and induced magnetic ﬁeld for M = 100, N = 48 and l = 0.35.
6. Conclusion
A fundamental solution is derived for the coupled convection–diffusion type equations. This fundamental solution
is used in the BEM solution of the steady MHD duct ﬂow coupled equations under an external oblique magnetic ﬁeld
with the most general wall conductivities. The fundamental solution derived in this paper makes possible to solve MHD
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Fig. 10. Velocity and induced magnetic ﬁeld for M = 100, N = 184 and l = 0.35.
equations in their original form and for Hartmann number values up to 300 which dominate the convective terms.Also,
the necessity of decoupling the MHD equations is removed which is the case only for insulating duct walls. BEM
solutions of the MHD problems considered in the paper are very accurate (Problem 1 contains comparison with the
exact solution) and show the well-known characteristics of the MHD ﬂow. These are the boundary layer formation
close to the insulating walls when the Hartmann number increases. The ﬂow becomes stagnant at the centre of the
duct and in front of the conducting boundary for increasing M. Also, the formation of parabolic boundary layers, for
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Fig. 11. Velocity and induced magnetic ﬁeld for M = 100, N = 360 and l = 0.35.
both the velocity and the induced magnetic ﬁeld, emanating from the discontinuity points passing from conducting to
insulating walls is observed (Problem 3).
Thus, it is possible to solve MHD coupled equations using the BEM with this fundamental solution for Hartmann
numbers 300 and for general wall conductivities whereas previous BEM solutions are only for small Hartmann
numbers and only for insulated wall ducts. For higher values of Hartmann number some difﬁculties arise in this
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procedure since the BEM results in full matrices with lots of scattered zeros but not with diagonal dominance for large
M. For the values of Hartmann number in range 1000–100 000, domain discretization methods as FEM may give better
results although they are computationally very expensive compared to BEM.
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